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In the first part of this paper we introduce a path-integral formalism for the internal-
wave field of the ocean. The intent is to show that this type of formalism may be useful
in suggesting improvements to current calculations, as it provides a framework for
applying a wide variety of approximations that have been and are currently being
developed in other areas of physics. We demonstrate the method by deriving equations
for a self-consistent field approach (also known as the direct-interaction approxi-
mation). The experience in other areas of physics is that the self-consistent field
approximation is more reliable than lowest-order perturbation theory. The end result
of the DIA is the determination of an effective linear model for the description of
internal waves in the deep-ocean environment. In the second part of the paper we
obtain Hasselmann’s source function by a prescribed limiting process and are able to
indicate possible improvements in related calculations by comparing the limiting
assumptions with numerically computed values.

1. Introduction

In the past two decades the study of the transfer of energy in the internal-wave field
via three-wave (nonlinear) interactions has become an area of active research. The
possibility of three-wave resonant interactions was first mentioned by Phillips (1977).
Subsequently a Boltzmann-like equation giving energy transfer rates in the Resonant-
Interaction Approximation (RIA) was obtained by Hasselmann (1966, 1967) using
multiple-time-scale methods. Inherent in his calculation was the assumption that
transfer times were long compared with typical oscillation periods, a reasonable
assumption given the widespread belief that internal-wave interactions were weak.
Later synthesis of an analytic form for the internal-wave spectrum by Garrett &
Munk (1972, 1975) raised hopes that results of numerical calculations using Hassel-
mann’s transfer equation might contain some measure of reality. Unfortunately,
subsequent calculations by Olbers (1976), McComas (1977) and Pomphrey, Meiss &
Watson (1980) predicted very short interaction times in a rather large region of the
spectrum, so that the results were internally inconsistent. What was needed, then, was
a systematic way to relax the strict assumptions inherent in the derivation of
Hasselmann. The primary purpose of this paper is to describe a formalism that might
very well prove useful to that end.

In recent years new methods have been developed for analysing classical random
nonlinear systems which partially owe their existence to analogous methods developed
earlier for quantum many-body physics and particle physics. In the classical regime

10 FLM II5



284 R.J. DeWitt and J. Wright

most of the emphasis has been on critical dynamics and fully developed turbulence.
We propose to formulate the dynamics of both internal waves and surface waves using
these methods.

We should emphasize at the outset that we make no claim that the formalism
developed herein provides a complete picture of the very complicated dynamics of
internal waves. Rather, our interest is in demonstrating that the formalism provides
a much more general framework in which to study internal waves than do the earlier
schemes. In fact the reason for mentioning surface waves at all is to demonstrate that
the formalism is easily generalized from that obtained for the simple three-wave
interacting system used to model internal waves. It isin part this flexibility that makes
this method powerful.

The aim of our program will be to calculate the linear response functions (Green’s
functions) and the two-time correlation functions. The ocean will be assumed to be a
stationary random system. The time-development of perturbations to the wave field
is described by the linear response functions.

In the theory of turbulence there is a long history of attempts at setting up such a
formalism. The early work of Kraichnan (1959) and Wyld (1961) was followed by a
1973 paper by Martin, Siggia & Rose (1973) (henceforth MSR) which introduced the
idea of doubling the number of variables in the problem, leading to the current
formulation. There have been a number of papers which have rewritten the MSR
formalism in various ways, see for example Phythian (1977) and Langouche, Roekaerts
& Tirapegui (1979). We choose to use the path-integral formalism of Phythian to set
up the problem. The reason for this is that there is currently a great deal of activity in
various areas of physics using path integrals. This will enable us easily to make use of
some of their techniques. In this paper we will discuss perturbative and self-consistent
evaluations of the path integral. In fact for the approximation we propose, we could
use directly the original work of Kraichnan (1959) who proposed the direct-interaction
approximation which has been extensively studied. We refer the reader to the reviews
of Leslie (1973) and Orzag (1977). For a similar approximation see Phythian (1969),
Herring (1965) and Edwards (1964). It is essentially a self-consistent field approxi-
mation, and, in the language of diagrams, vertex corrections are ignored. The semi-
classical or WK B approximation is another standard approximation to path integrals.
We will not discuss that here, but it does appear that it is the appropriate approxi-
mation for part of the internal-wave field.

In order to show how such a formalism might shed more light on previous calcu-
lations we show that a particular limiting case of our model precisely corresponds to
the results of Hasselmann and consequently indicates how one might improve on the
calculations of Olbers and McComas. We also show that the formalism splits Hassel-
mann’s source function into two pieces, which have natural interpretations as effective
damping and driving forces. This finally leads us to interpret our model of the internal-
wave field as a collection of uncoupled, damped oscillators in the presence of random
driving forces, in the spirit of effective-medium theories found in other areas of physics.

In §2 we review the derivation of the path integral for stationary random processes.
In §3 we discuss the correlation functions and the linear-response functions and the
direct-interaction approximation. In §4 we interpret the nonlinear problem as an
effective linear theory with a memory. In §5 we discuss the relationship of our model
to the results of Hasselmann. In §6 we briefly mention the WKB approximation and
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the important physics that is involved. The final section is devoted to a summary
and discussion of some unresolved problems.

2. Path integral

In this section we will sketch the derivation of the path-integral form of the
characteristic funetional describing the random field. For some of the more technical
mathematical points we refer to the literature, Phythian (1977) and Langouche et al.
(1979).

Asfar asis possible we will use the notation of Olbers (1976) for the mode description.
The equations to be solved are of the form

Ak, t) +iQ3(k) A(K, £) + v(k) 45(k, 1)

+ 3 | ¥k, 3K, 3K — K, —Kp) BT 3%, A%(Ky, t) A% (Ky, t)
81, 83
=fok,t), s=+1. (2.1)

Here we have introduced the terms vy(k) A%(k, ¢) and f5(k, f) as external damping and
driving forces on the internal-wave field. The motivation for the particular choice of
these terms is twofold. The first is that of simplicity — we wish to demonstrate the
application of the formalism to this problem without introducing complexities that
might tend to obscure the general ideas. The second motivation can only be seen
a posteriori. When we subsequently write down the Dyson’s equations for this problem
it will be seen that new terms appear which have the same formal structure as the two
‘external’ terms; this leads us to interpret the new terms as ‘ corrections’ to the initial
terms, i.e. as ‘effective’ damping and driving terms. For most modes f and v, are
negligible and can be ignored. They are just a convenient way of parametrizing the
coupling of inertial waves to the rest of the world.
The amplitudes, mode frequencies and couplings satisfy the relations:

As(k,t) = [A~(—K,1)]*, Qs(k) = Q-5(—k), (2.2), (2.3)

i, = (BRI (24)

The index s is either +n or —n with Q+ > 0. The label » is an additional mode index,
which for internal waves is equal to unity. If an Q appears without the label, it is taken

to be Q. We make the ad hoc assumption that the driving forces fj(k, f) are stationary
and random with a Gaussian distribution function,

(fok, ) f* (K, ¢')y = 3k + k') &, o Bo(K, t - 1'). (2.5)

This particular assumption allows us to obtain closed-form solutions for the path
integrals that will appear later. Other models for the interaction of the external forces
with the internal waves could be used, such as random parametric couplings in (2.1),
but such models are somewhat more difficult to treat.

The probability distributions for f are specified in terms of its characteristic
functional O(¢),

O(g) = <exp {z f Pk f " atg(-k, fs<k,t}>, (2.6a)
C(¢) = exp{—} X [k [dtds $=(—K,t) g*(K, ¢') Ro(k,t —t')}. (2.6b)
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The equations are much simpler when expressed in terms of their Fourier transforms,

o \
et As(k, t) dt,

A5k, w) = —;;f

#(k, ) = 517—7 f :0 eiot ok, 1) d, 2.7)

Ak, 0) = f © gt B(K, 1) dt.

—

With this convention, equation (2.6) becomes
C(¢) = exp { —gg > fd”kfda) o3 (—k, — ) Fi(k, v) ¢p°(k, a))}. (2.8)

We are interested in finding the probability distribution for the amplitudes 4. To
that end we introduce the characteristic functional for those variables,

Z(E) = {expi¥ [dk [drE-5(— K, 1) A°(k, 1))
or in terms of the Fourier-transformed amplitudes

Z() = (exp[2iY [d*k [dw £~5(—k, — ) A%k, )]). (2.9)
$
The angle brackets refer to averaging over the distribution for f. They are given

formally as
X)) = [2f W(f) X(f) (2.10)

where W(f) is the probability distribution function for f and is just the Fourier
transform of C. The integral is a functional integral in that we are to integrate over all
possible functions f(k, ¢) for each mode k. One way to achieve this is to discretize k

and ¢ and integrate, Df = Ik-[ Mdf(k,t,). (2.11)

For the purposes of this paper it is not necessary to be specific and Phythian (1977) can
be consulted for more details. The idea now is to replace W(f) by its Fourier transform
C(¢) and to change variables from f to 4 using (2.1):

(X = f X%,@A 240(g)exp{~iZ [@k [dtg—s(~k, 0 f*(k,t)},  (2.12)

where it is understood that f is to be replaced by
Jilk, ) = {— 0 +1Q%(K) +vy(k)} 4°(k, »)
+ 53 [ d%k, d%K, 0%k — k; — Ky) (0 — w, — w,)

x A%(K;, 0;) A%(Ky, w,) BZ3E%, (2.13)
The driving function f has disappeared from the problem and its characteristic

functional C(¢4) has appeared. There are now two functional integrals, 24 and 2¢
and the Jacobian Zf/2A in place of Zf. The Jacobian can be evaluated (Phythian
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1977; Langouche et al. 1979) and is given formally by
9-f — * 3 g - 88, S
=L —expl+]| do3 |dkBi54%(0,0)). (2.14)
24 —o e

It has been shown (Langouche et al. 1979; Dominicis & Peliti 1978) that, if diagrammatic
perturbation theory is used, the Jacobian cancels ‘tadpole’ diagrams and both the
tadpoles and the Jacobian can be omitted. See the appendix for a discussion of this
point.

We now extend the definition of the angle brackets to include ¢ functionals as well
as As(k, w) functionals,

X4, = [249¢ L x4 9100
xexp{—-27ri§_‘,fd3kdw¢—s(-—k,—w)fs(k,w)}. (2.15)

The generating functional introduced in (2.9) is now extended to include ¢,

2(8,7) = (expi2mi S [dk [do[f+(~ k, —0) 4°(k, 0)+ 77—k, =) $*(k, 0)]}). (2.16)

As we are presumably interested in correlation functions of 4%(k, w) which can be
obtained by differentiation with respect to §, it seems unnecessary to introduce 7.
However, the field ¢ (and hence %) plays a crucial role in defining a response function
and in simplifying the perturbation series. To demonstrate this we imagine replacing
f—f+ein the equation of motion. This shows up in (2.15) as an additional factor in

the integral exp{+2m 3 fd3kfdw o8-k, —w) ek, w)}.
8
If we expand this to first order in e and consider the change in {4) we see that
043k, w)
<6‘e—s( - )> = 2mi{ A5k, w) ¢ (K, w)), (2.17)
which can also be written
845(k,t) _ s Ae YK
<ae t)> A5k, £) ¢ (K, 1)) (2.18)
Thus the term on the right-hand side of (2.18) gives the linear response of 4%k, ?) to
a known perturbation. It is linear only in the sense that e is treated to first order. The

rest of the dynamies is nonlinear. Response and correlation functions are calculated
by taking the appropriate functional derivatives of Z, for instance

. o 12 P P
4e,0) 0.0 = 7 (57) =g e 26N, 19

The standard trick used todevelop perturbation theoryis to notice that, if the theory
were linear, all of the integrals in (2.16) could be obtained exactly. In the actual case
the factor preventing exact analytical integration is given by

exp{— 27ns ‘Z: ) [k %k, 4%k, 8(0 ~ 0, — w,) 83k — K, — k,)
X B-—’;];?flé‘zz Asl(kp w1) ASz(k2’ wz) ¢—s( -k, - w)}
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If we recognize that 45(k, w) can be replaced by

1 8
A5k —_—
ko) o T "k —o)
and each ¢ by
1 8
S —_— -
¢k, )~ 2mi Oy~ (— Kk, —w)’
then

1\2
Z(&, ) = exp {(—2—7-7) f&(wl + @y + w3) 8K, + Ky + K;) dw, dwy, dwg 3k, d3k, dBky

é é é
x lesgsg -
8, Es, ke O~ (—Ky, —w;) 8575 —K,, —w,) 8E75( ~ k3, —w,

(2.20)

The term Z(£, 5) is obtained from (2.15) and (2.16) by finding all of the integrals now
that the nonlinear piece has been removed. The result is

2 Fyk
24€m) = oxp ~ (3 [do [ Bk e+~ —0) g Crber ik, 0)

X eXp {27rifdwfd3k§s]§—s( _K, —w) D_S(Ti_wjﬂs(k’ w)}. (2.21)

The new funetions D are
DYk, 0) = vo(k) + Q%K) —iw, DK, )= [D(-k, —w)]* (2.22)

We can now write down a diagram expansion for the perturbation series. We do
that in the next section.

In principle quantities of interest can be calculated directly from (2.15) without
resorting to the perturbation theory that follows from (2.20). Currently there is a
major effort aimed at extracting non-perturbative information directly from path
integrals describing a wide variety of physical phenomena. As those methods tend to
be difficult to implement, we propose to first test the SCFA (DIA). There are a number
of quantities of interest for the internal-wave field. However, there is relatively meagre
information on higher moments so in this paper we will be primarily interested in the
two-point functions,

1 , ’ no__ 8 (k! w
5= U(k,0) 83k +K) §(w+0') = (A(k, 0) 4 (k"“»’} (2.23)
U5 (k,t) 83k + k') = (4(k,) 49k, 0)),
and
1 , 3 ’ (AN s (k' !
ZTG (k’w)a(k+k)i)‘(w+w)—t<A (k:w)¢ (k:w)>’} (224)
Gs'(k, 8) 03(k + K') = i(A%(k, t) ¢ (K', 0)).

The definitions of U and @ lead to some important symmetry properties:
Us(k,w) = [U—s¥(-k, —w)]*, U*k,0)=U"(-k, —wv),
Gk, w) = [ (~k, —w)]*.
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3. Perturbation theory

In this section we will exhibit the general structure of the two-point functions and
discuss briefly the diagrammatic perturbation theory. We begin by listing the free
Green’s functions and correlation functions, and we will then point out the general
features that the exact functions will have. The free correlation function is defined by

o Ul 0) 3K+ K) 8o+ )8,
= (A¥(k, 0) 4° (K, o)),

Ly s,
Zy\2mi) 8E~5(—K, —w) 66— (=K', =) "li=y-0

1 1 1
e I ’ ' ,
21 DK, —a) o) Dl ) KHIOAOFD e (3D
Uik, 0) = o)

v (K) + [w— Q¢ (k)]

The free-response function is given by

2L7T Gﬁ(k, w) 83(1{ + k’) 8((‘) + w,) 33, -8

= i(4%(k, 0) ¢ (K, )}

i () Sz

2mi) ZyoLl—(—K, —w) 8y~ (=K, —w') " =0
1 1

T 2m vy (k) +1Q%(k) — iw

BK+Kk)S(0+0)8, g (3.2)

If F, is independent of w, the corresponding time-dependent functions are

7s = fg_(_k_) iQ(k)E —vot vot
Uik, t) = 2v0(k)e [O(t) et + 6( 1) ert] (3.3)
and
Gi(K, 1) = e~ 1t¥® g=vat (1), (3.4)

The exact functions will have the same structure as that exhibited in (3.1) and (3.2),
except that Fy, v, and Q will be replaced by new functions that depend on w. To the
extent that the w dependence of the effective f, » and L can be ignored, (3.3) and (3.4)
are exact. The w dependence will modify at least the short-time behaviour. If the
singularity nearest the real w axis remains a simple pole, the long-time behaviour will
have the structure of (3.3) and (3.4). We now proceed to develop the perturbation
scheme to calculate the effective f, v and Q using standard diagrammatic techniques.
We list the rules for calculating diagrams:

(@) There are two kinds of propagators, one corresponding to correlation functions
and the other to response functions. Each line carries an s, kK, and w. The response
functions have an arrow associated with them, and we will conventionally take the
quantities s, k and w to flow with the arrow. The lines and their corresponding functions
are shown in figure 1.

(b) Each vertex has exactly one line with an arrow pointing toward the vertex and



290 R.J. DeWitt and J. Wright

i s, k,w
- = ————
Ds(k, w)

—F(k) s, k, w—»
D™ (—k, —w) DSk, w)

Fioure 1. Lines representing response function and correlation function.

\add
37’

Figure 2. Lowest-order vertex function. The line with the incoming arrow is the first argument
By i, ¥ O%(k; — Ky + Ky) x 8w, — 0y + wy).

‘_,__<>_4__

Ficure 3. Lowest-order graph contributing to the correlation function, U.
Because of its symmetry there is a factor of § associated with it.
+ 7 @ >

[N =
r 4

Y

I = D o

FioUrE 4. Dyson functions for the two-point functions.

two other lines that either have arrows pointing away from the vertex or no arrows.
In figure 2 we show a vertex which has associated with it the factor

?cll:slg;s-slara 33(k; — K, + K;) 8w, — w, + wy).

The first pair corresponds to the arrow in the diagram. Bissymmetricin the other pairs.

{(¢) Allinternal s, k and w’s are summed over.

(d) For Nth-order perturbation theory, draw all topologically distinct diagrams.
Graphs possessing a symmetry have a symmetry factor; for example the graph of
figure 3 gets a factor of 1.

(¢) Each diagram gets a factor (27)-2+No,

(f) Each external 4 field gets a factor of (—1¢). (The extra ¢ here is because the
response function is i{4¢), see (3.2).)

We mention that, if vertices with more lines are present, the only rule thatis changed
is (e). Each vertex will still have only one line with an arrow pointing into it.

The Dyson equations have been given by MSR. For completeness we show them in
figures 4-6. Note that, although there is only one kind of bare vertex, there are
three kinds of renormalized vertices which are shown to lowest order in figure 6.
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® - 010
® - 0 00

Figure 5. Equation for Z, and Z, in terms of renormalized vertices.

e e Do P

Ficure 6. First terms in expansion of vertices.

Finally, it can easily be shown that any graph containing a closed loop whose lines are
entirely response functions (arrows) is identically zero.
The Dyson equations are easily solved to give

G*(k, w) = [D%(k, w) & _¢ — 125 (K, w)] ! (3.5)
(note that this is a 2 x 2 matrix equation). The correlation function is given by

Uss = Goa(k, 0) [Fy(k, 0) 8, _, + 30K, 0)] 63—k, — ) (3.6)

81,82

(implies summation over s, 8,).
If vertex corrections are ignored (direct interaction approximation) then we have

5 (k, ) = 7_2782, f 43k, &Kk, dw, dw, 83(K + K, — K,) 8(@ + 0y — 0y)

x Biey*k, B 2 SuliGa (Ky, 0))1 [ = U (K,, 05)]  (3.7)
and
(K, w) = 1 3 | 4%k, APk, dw, dw, 83k + Ky + K,) 8(w + 0, + ;)

8,8,

X Brike B:i’s—‘;csf’—kz Ussi'(Ky, 0,) Use' (K, 0,);  (3.8)

2, has the same symmetry properties as U and ¢Z, has the same as G.

One of the assumptions of weak-interaction theory is that the diagonal elements of
U and G can be ignored. U and G are assumed to have the form Us = U®§, ... The
corresponding statement for Z is X8 = X5,



292 R.J. DeWitt and J. Wright
® -+ &
© - 1

Figure 7. Graphs for E for four-wave interactions.

We now comment briefly on the application of these techniques to surface waves.
The principal difference is that the equations involve four-wave coupling, that is
there is a term BuAdxAdxd

in the equation of motion, (1.1). The term involving only two A4’s is still there, but it
is not possible to have three-wave resonances. This means that in (3.12) the limit
v—> 0 gives zero and the answer must come from finite » which presumably gives a
small contribution. In any case if we replace the BAA terms by BAAA in (2.1) we
obtain a very similar theory. The graphs for Z are shown in figures 7 and they are to be
solved self-consistently with the diagrams of figure 4. The number associated with a
vertex is now 3! instead of 2!. There are some additional (27) factors. The net effect is

to change rule (e), (21)N (2m)~HN+Ne) 5 (31)N (277)~HNeN,

and rule (b) gets a factor of ¢ for each vertex. These two changes can be stated in a way
that is easily generalized. If there are N, 4 fields at a vertex, the vertex has associated
with it (¢¥411) N, !, Each closed loop has associated with it an integral f dw /2.

4. Linear effective medium

In this section we shall elaborate on the effective medium picture and discuss the
direct-interaction approximation and the relationship to the theory due to Hassel-
mann. We will first remind the reader of a few simple properties of linear systems, and
compare these with our effective medium. The simplest situation assumes no memory
and is given by

As+1QsAs +vds = f5(¢), (4.1)
which is (2.1) with B =0 and the mode index k ignored. If we define
O(t,t) = CAX(t) A(t')), (4.2)
then in the steady state U depends only on ¢ -#’ and is given by
A @© et
o T Fe (4.3)

w2 (P—iQ+iw) (V +1Q— 1)
If we calculate dU(t,t)/dt we obtain
dO(t,t)/dt = ~2v0(0)+F =0, (4.4)

where F is given by (2.5) and (2.7). This just represents the balance between the driving
forces and the dissipative forces. We now compare with the correlation function
obtained in the previous section,

Oty = | d—“’eiwt[ ! ](F0+E§)[ ! ] (4.5)

o 21 Vo— 1t + tw~ 27 (~ o) Vo+1Q —itw~iZf ()
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We have suppressed the mode index £. If X, X, are approximately independent of
w, then it is clear that real X, is a frequency shift and £Z, is an effective viscosity
representing loss to the other modes. This particular interpretation may be somewhat
misleading, however. Consider the case where the mode in question is Doppler-shifted
because of passage through an inhomogeneous medium (large-scale wave). In this
case we would formally say that one mode has been damped while another mode of
neighbouring wavenumber has grown. In reality of course we are just seeing the
original wave with a slightly different frequency.

In addition to the ‘effective damping’ term there is also an effective driving force
due to the other modes and its correlation function is Z,. The correlation function for
the total driving force is thus X, + F.

Now in general X, and Z, will depend on . In this case it is easy to see that the
equation giving the evolution of the amplitudes is given by

A‘(t)+f°° fe-eya@)dr =f@), Tiwy=0, t<o. (4.6)

—®
If we write
[=¢]

I (w) =J eiwtf‘(t)dt, I'(w) =f

~®

" gt Py, (4.7)

—®

then we see that I'*(w) is analytic in w for Jw > 0. The corresponding response
functions are
1 (* dwe ot

) = — —_
Gt = 21 ) —o TH(w) —iw’ (4.8)
which leads to an obvious interpretation of % (w),
IM'(w) = vy +1Q—Zf (w). (4.9)

The fact that G(¢) = 0fort < 0 (causality) implies that there are no zeros of I'(w) — iw
in the upper half-plane. Because of these analytical properties of @ and I', Kramer’s
Krénig dispersion relations can be used to calculate the real part of ¢ and Z once the
imaginary part is known (or vice versa).

The equilibrium condition relating the energy, dissipation and driving forces is
obtained by evaluating

A %) dw
U(”‘f T TSl e =)

at t = 0.

5. Relationship to previous results

In this section we obtain the results of Hasselmann as a special case of our model
equation. The limiting assumptions made in obtaining the results provide a more
transparent way to check the validity of the assumptions inherent in Hasselmann'’s
equation; in the end of this section we indicate where improvements could be made in
his scheme.

To obtain the results of Hasselmann one performs the following operations on
(3.7) and (3.8) (using only X% = X-ss),
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(1) Assume that F, Z,, and %, are independent of & and perform the v, and w,
integrations. For example, defining v(k) = vy(k) + X, (Kk), we get
[ dy dwg 8(w— wy ~ wy) [(k;)? + (QKy) — )7 [P(Ky) +Q(Ky) — du,] 2

e

v(k,)

[0 — Q(ky) — Q(ky) —i(v(Ky) + v(k,))]
x [(0— Q(k,;) — Q(k,))* + (v(k;) + v(k,)P1 - (6.1)

(2) Take the limit F}, vy, E,, Z,—0 (in such a way that U(k,0) = F/2» is main-
tained). Then (5.1) becomes

2 o P

—— 8w — Q(k,) — Q(k,)) + ,

iy 1~ )= S S o — o)

where Z represents a principal part integral. When the actual structure of the B

coefficients is considered it is easily seen that the delta function contributes to v(k)

and the principal part to a frequency shift. The Dirac delta function has come from
the limit

(5.2)

14

and we call the function on the left-hand side the frequency filter for the problem.
Such a function was earlier obtained by Holloway & Henderson (1977) and Holloway
(1978, 1979), where he also noted the RIA as a limiting case. This is the first indication
of a possible improvement in the calculations of Olbers and MeComas. What they did,
in essence, was to assume that v was small compared with typical oscillation fre-
quencies and then calculated values of v on the order of or even greater than the
frequencies. The earlier assumption of neglecting the diagonal elements of U, G
corresponds approximately to assuming v/Q < 1.

Equations (3.7) and (3.8) must be solved self-consistently, however, so that values
of v(k) used for input on the right-hand side are the same as those obtained on the
left-hand side. Unfortunately solving these equations self-consistently does involve
integration over one more variable, and so may require an inordinate amount of
computer time (the two-dimensional integral is already relatively time-consuming).

Having now carried out the limiting process, we are ready to make a detailed com-
parison with the source function of Hasselmann, which he writes as

P = [y APy {TH03(K — Ky — Ky) 8(Q — Q) — Q) [0y 1y — 1, + 1y

+ 2783k~ Kk, + k) 8(Q — Q, + Q,) [, 19+ nn, — nmy), (5.4)
where

n(k)S(k + k') = <A+(k,t)A—(k',t)>—(lk—.

~—

We split & into two pieces,

F(K) = [ &K, K, {T+3(k — K, —Ky) 8(Q— Q) — Q) mym,

+2T7-0(k— K, + K;) 6(Q— Q, + Qy) ny ny} (5.5)
and
L =L~
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We find the following identifications,

o Bk
n(k) %) = 0 (k,0) (5.6)
and
T 00 = 20000~ (k) = 25,(k), (5.7)

where U is defined in (2.23), Z, is the effective force due to all other modes, and F is
the total force, F(k) = Fy(k)+ Zy(K). (5.8)
From equation (4.4) we have, in the stationary state,

F = + 20k, 0) = F)(k) + Z,(k)

or
Fy(k) Zy(k)
- =255, , .
Uk, 0) 255 (k) - Uk, 0) 2ro(k) (6.9)
Fy(k) -ZL(k) _ HAk) k)

ﬁ(k)—2v0(k)= T ) n) (5.10)
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Ficure 9. Plots of b%(k) vs. m for various frequencies.

From this equation we see that the calculations of Olbers and McComas give the
coupling to external systems in terms of the difference between an effective force and
an effective viscosity.

Earlier we noted the breakdown of the resonant-interaction approximation (RIA)
because of the large values of (k) in some regions of the internal-wave spectrum. We
would next like to test the assumptions that X, and X, are independent of w. We
consider first the case of X,. In order to ascertain whether the non-resonant structure
of 3,(w) might have any appreciable effect on the values computed in the right-hand
side of (3.7) we choose a particularly simple form of Z;:

—1Z,(k, w) = a(k) + (0~ Q(Kk)) b(k), (5.11)

where both a(k) and b(k) are assumed real. If the Z, = constant assumption is
warranted we should expect to compute very small values for b(k). For the present
we still assume that X, = constant and use the RIA. The effect of b(k) is to reduce the
residue of the pole of G from 1 to 1/(1 +1b) and to decrease the damping from v = a

to v = a/(1+b2). The correlation function is reduced by the same amount:
i _ (2 _ _Folk) + 2y (k)
Uik, 0) = fzn Uk, ©) = 5 (L b2(K))”

We wish to check the size of b numerically. We take U(k, 0) to be given by GM76, a
recently revised version of the Garrett-Murk spectrum (see McComas & Bretherton
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1977). The coupling coefficients used in the calculation are derived in the same manner
as those given by McComas.

We have computed values of a(k) and &(k) by assuming that both were initially
zero (i.e. just X, 0 as before), and then iterating (3.7) once. Values of a(k)/Q(k)
and b%(k) are shown in figures 8 and 9 respectively. We first note the previously
mentioned fact that the values of a(k) for much of the spectrum violate

a(k)/(Q(k)/2m) < 1.

The dashed line corresponds to a(k)/(Q(k)/27) = 1. The RIA assumes that Q > a;
that condition is clearly violated here. We further note that an examination of figure 9
reveals values of b%(k) that are extremely large for much of the spectrum. This clearly
violates the assumption that X, is constant in w. We conclude that any reliable self-
consistent calculation must include information on the non-resonant structure of X,.
It should be noted, however, that the simple linear form of X, chosen here to test the
constant — %, assumption, is wholly inappropriate for a serious calculation.

Finally, we can also determine the validity of the assumption that X, is constant
in w. When we actually compute Z,(k,w) we find that E, actually does possess an
appreciable structure with a finite width in w. However it is not sufficient merely to
calculate X, for various values of w, since frequency filter cuts-off may allow only
values of X, from a narrow band around resonance to enter the calculation. In that
case X, may be considered effectively constant. One way to circumvent this is to

compare the functions
) Z,(w)
— dwt 207
U(t) = fdwe P

R(t) = [dw et Zy(w).

We note that X, always appears in the equations through U(w), which contains
information on the width of the frequency filter as well as on the width of Z,. On the
other hand R(t) contains information on the width of Z, only. We envision two possible
extreme cases. In one case v is extremely small, so that the frequency filter becomes a
resonance delta function and U(t) assumes the form earlier obtained by assuming
Z, = constant. On the other extreme, v might be so large that the width of the fre-
quency filter would be much larger than the width of Z,. In this case we would expect
the shapes of U(t) and R(t) to be identical. The calculations that we have performed
indicate that both extreme situations do indeed obtain in different regions of the
spectrum. Figure 10 shows the first case. Here %, is constant and U(t) oc e¥0t e~ltl,
If 3, were actually constant, however, E(t) should be a delta function in ¢. In actuality
we see that E(t) does have some width, indicating that X, is not constant but that the
variation is unimportant in the calculation. On the other hand figure 11 shows the
case where, appropriately scaled, U(t) and E(t) are identical, indicating large values of
v(k). In this region, then, not only is the RIA very bad, but also the assumption that
Z, = constant must be dropped if the frequency filter correction is to be used.

We have also calculated X, (w) and from it the response function to verify directly
that the frequency dependence of 2, is important for some modes.

In general, then, we conclude that any self-consistent calculation of £, and %, in
the region where Olbers and McComas found inconsistencies in their calculations must
necessarily include (1) a frequency filter function torelax the RIA, and (2) non-resonant

and
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information on ¥, and Z,. Unfortunately this greatly increases the difficulty of the
numerical solutions of the problem, since it requires an extra integration over w,
including a principal part integral that has not been present in earlier calculations.
In addition, the equations must be solved self-consistently, implying an iteration
process on an already time-consuming calculation. We are currently attempting a
simplified version of the self-consistent calculation.

6. WKB approximation

In the introduction we alluded to other approximations to the path integral. One
of the failings of weak interaction theory can be traced to the interaction of two small-
scale high-frequency waves with a large-scale inertial frequency wave. This interaction
has been called induced diffusion by McComas & Bretherton (1977). It is appropriate
to think of it as the effect of advection of the small-scale wave by the inertial wave.
This picture suggests studying the propagation of a small-scale wave packet in the
geometric optics approximation including the effects of a time-varying background.
The aim would be to calculate a coherent decay time. The time scales of the response
functions in the induced diffusion region are dominated by processes that leave the
wave packet coherent, although somewhat altered.

7. Summary

We have written this paper with a twofold purpose. In the first part of the paper we
have introduced a formalism for solving nonlinear equations of the type encountered
with internal waves. From experience with self-consistent field treatments in other
areas of physics we very well might expect such methods to be helpful in extending
calculations beyond some of their inconsistencies. To this end we have taken a
simplified steady-state model of the oceanic internal wave field and obtained via path
integral methods the corresponding diagrammatic perturbation theory from which
Dyson’s equations can be obtained. In the process we have suggested as interpretation
of the ocean as a collection of uncoupled, damped oscillators driven by random forces
and each having a memory. In this case we used the direct interaction approximation
of Kraichnan, which is easily implemented in the diagrammatic language. We should
note that one problem with this approach is that it is not currently known what kind
of approximations guarantee the positivity of quantities like the effective viscosity
and also guarantee consistency in the Green’s function sum rule. In turbulence
problems it has been possible to construct models of fictitious systems that satisfy the
DIA exactly, thus guaranteeing the appropriate positivity. However this approach
is of very limited usefulness and it is not known how to extend it to other approxi-
mations.

In the second part of the paper we have obtained the previous results of Hasselmann
via a prescribed limniting process. The particular assumptions inherent in the process
were checked and found to break down in the region where Olbers and McComas found
inconsistent results in their calculations. We suggested that the calculations might be
improved by solving equations for X, and X, self-consistently, but that the imple-
mentation of the procedure might be quite difficult.

In conclusion, we feel that the formalism of the type discussed here should be
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Ficure 12. Tadpole graph with response function integrated.

Ficure 13. Tadpole graph with correlation function integrated.

studied further for its possible application to the internal wave problem. The prelimi-
nary calculations indicate ways to correct for deficiencies in earlier calculations, but
further work is needed to formulate positively constraints and related constraints.

This work was supported in part by the Navy SBC, Johns Hopkins University,
APL 601103, and by the Office of Naval Research, N00014-80-C-0840.

Appendix

We discuss briefly the role of the Jacobian (equation (2.14)) in cancelling some
tadpole graphs. We will illustrate the cancellation by considering the expectation
value of A(k, ), which should be zero. There are two graphs contributing to (A(k, w))
and they are shown in figures 12 and 13. If we work to lowest order in B, the Jacobian
gives the contribution

As(k, =0, wy, = 0) A3(K, w
<As(k, “))>Jacobian = 2fd3k1 dwl E< ( : Dsl(ll(l, u)l)) : )

2 By, (A1)

where {445, is given by (3.1). Using the rules given in the text it is easy to calculate
the contribution of figure 12 and verify that it cancels (A 1). The graph shown in
figure 13 vanishes for another reason. It is easy to see that it is proportional to

1
D=0, o =0) o] P dor B Uiy, )

and
Bz =0.
When these graphs are inserted into more complicated graphs they will continue to

give no contribution. Similarly more complicated tadpoles (vertex corrections of
figures 12 and 13) will continue to vanish.
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